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ABSTRACT

We have, in this paper, developed a sequence of weighted linear regression estimators.
The proposed weighted linear regression estimator of order k, besides being endowed
with the predictive character, is found to be more efficient than the simple mean
estimator in one hand and the weighted linear regression estimator on the other
under optimality of k. Based on the theoretical developments, empirical illustrations
involving real-population data have been considered.
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1. Introduction

When the study variable y is positively correlated with the auxiliary variable x and
the regression line of y on x passes through the origin, then ratio estimator is used to
estimate the population mean Y or the population total Y provided complete infor-
mation is available for the auxiliary variable. But, if the study variable y is negatively
correlated with the auxiliary variable x, then product estimator is used to estimate
the population mean Y or the population total Y. When the regression line of y on x
is linear but the regression line does not pass through the origin, then linear regression
estimator is more appropriate than either the ratio or the product estimator from
the standpoint of efficiency. The regression estimator is originated from the difference
estimator given by

Ua=7+B(X —1m), (1)

where 7 is the sample mean of y - variable and X and T are, respectively, the population
mean and the sample mean of x - variable and [ is a preassigned constant. The
estimator 3, is unbiased for the population mean Y and it will attain its minimum
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variance given by

V)= (25 ) S0 )

when [ coincides with the population regression coefficient of y on x.
Usually, B, the population quantity is unknown and is estimated by its corre-

sponding sample quantity by,, the sample regression coefficient. In the circumstances,
the usual linear regression estimator given by

Yir =7 + bya(X —7) (3)
is attained.

Its bias and mean square error, to the first degree of approximation, i.e., to
o(n~!) have been expressed, respectively, as

B(y,) = (N]\i(]l\g(;vn_) 2)%}: [gf N /gﬂ w
and
M(yq) = (i - zir) Sy (1= #a) )

where fpgr = Zf\il(xl — X)P(y; = Y)U(2z — 2)", 5’5 is the population mean square
of y and py, is the population correlation coefficient between y and x.

Following Agrawal and Jain (1989), Sahoo et. al. (2007) have proposed a new
linear regression estimator by defining z = 27 !(x > 0) as a transformed auxiliary
variable, which is given by

U =Y+ by(Z —32), (6)

its bias and mean square error, to o(n~! ), being

B = (i | - e (7)
and
M(g,) = (i B 11v> Sy (1=p}2) ¥

where py, is the population correlation coefficient between y and z = 2~ 1(z > 0).

Again, combining these two regression estimators Panda and Chattapadhyay
(2022) have considered a new weighted linear regression estimator, given by
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_ — —x
Yuwlr = W1Yp + W2Y),

= Yuir = T+ Wibya (X =) + waby. (2 -7), (9)
where w; and w; are weights such that w; +wy =1 and = > 0.

The estimator is biased and its bias and mean square error, to o(n~!), are
given, respectively, by

_ N(N —n) [300  H210 Ho03  H012
B _ K300 _ Kato ooy poiz) | g
(ur) n(N —1)(N —2 {wlﬁy”; ( S, <2 )7 w2y Sy 52 (10)

and

_ 1 1
M(ywlr) = (TL — ) [1 + w%pzz + w%pz,z - 2w1p32/gc - 2w2p§z + 2w1w2py:cpyszz] )

N
(11)
where p,, is the population correlation coefficient between x and z.

Minimization of (11) subject to variations in w’s yields

pz:r: — PyxPyzPzz . A .
:032/:1: + pgz;z — 2pyapyzpsz A+ B

W1 opt = 1—wy opt s (12)

where A = sz — 2Py PyzPr> and B = pgz — 2PyaPyz Pz

This proposed estimator performs better than the usual linear regression esti-
mator and the estimator due to Sahoo et. al. under certain conditions.

In this paper, invoking the predictive approach due to Basu(1971) followed by
Smith(1976) for a fixed population set-up and then, with recursive use of this intuitive
predictive format coupled with the technique due to Agarwal and Sthapit (1997),
we develop a hierarchic predictive weighted linear regression estimator which under
certain condition performs better than the customary weighted linear regression
estimator. Numerical investigations have been carried out to illustrate the application
of the work proposed here.

2. Predictive character of the proposed estimator

Under the predictive set-up, the population total Y is expressed as

Y= ui+> v (13)

1€s 1€S
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where s denotes the sample and 5 is its complement. To estimate the population total
Y, we have to predict the second component of the right-hand side of equation (2.1),
which is unknown.

The usual predictive format for estimating Y, the population total, is
=D v+ U (14)
i€s =
where ¥; is the implied predictor of y;,(i € 3).

Thus,

7:Z?Ji+2i‘

1€5 s

n 1
=Nty Z [J + wibys (z; — T) + waby: (zi — Z)]
ics

=7+ N + [wibye {(NX = nZ) — (N —n)T} + waby. {(NZ —nz) — (N —n)z}]
¥+ wibys (X — T) + waby. (Z — %)
i?:gwlr

S0, Y1 1s predictive in form.
3. A sequence of predictive weighted linear regression estimators and
their performance

Using weighted linear regression estimator 7, as an intuitive predictor of y;,(i € 3),
we reach

Z Yi + ywlr

i€s
or,
IS ONAS LE N
N Ywlr = Yuwir , Say,
€S
where
gwlr M = wlzwl’r + ywlr
with
n
Dr=1+Mo, fo=0 A=1-+ (15)
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and
Zuir = —% {7+ wibye (X = 7) +waby. (Z - 2)}

A second iteration with 7, () as an intuitive predictor of ;,(i € 5), in (14) would
culminate in 7, ? given by

(2 —

@wlr (Z)ZEwlr + gwlra

where (g = 1 + 0.
Continuing in this way, we would, at the k" iteration, obtain as

Yuwir *) = Dk Zwir + Yuwirs
where 0, = 1+ \)p_; = 1{};.
Thus, 7, * can also be expressed as
Yuwlr *) = (1 - )‘k> Y+ )‘kywlrv (16)

where 7, ® is called as the weighted linear regression estimator of order k. For
k=0, Tutr ® =Ty -6, Turr Mis the weighted linear regression estimator and for
k — 0o, we have \¥ — 0 and 7, (k)=7. Again, if we draw samples of fixed sizes from
an infinite population, then % — 0. Hence 7/, (k) hecomes ;.-

The bias of 7, ) to o (%) can be written as

B(7 N(N - n) 1300 H210 1003 Ho12
(B)\ _ vk 3 3
utr ) = A n(N —1)(N —2 [wl v ( S% Syx 2Py Sz Syz ’

(17)
If k& > 1, then this hierarchic weighted linear regression estimator possesses smaller
bias than that of the customary weighted linear regression estimator. The mean square

error of ¥, ) to o (%) can be written as

— 1 1
MSE(Y iy (k)) = <n - N) S;[l + A% (w%me + wgpzz + 2w1w2pyxpyszz)
—2)\F (wlpzz + wgpf,z)]. (18)

Again, by obtaining the optimum value of k, we can minimize V (7,,;, *)). So

= wlpzx + w2p§z (19)
wfpf,x + wgpgz + 2w1w2pyxpyzpasz‘

By putting the optimum value of k, in the mean squared error of hierarchic predictive
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weighted linear regression estimator, we have

11 Wiy, + wap;,
M ¥) = (5 37 ) 83 1 - o p g 20
n N WY Pyg + WPy~ + 2w1w2py$pyzp$3
4. Efficiency comparison of the proposed estimator vis-a-vis the
competing estimators
Twrr ™ will be more efficient than 7., if
”wlpf,:C + wzpzz < 1+ Ak (21)
W%pzx + w%p%/z + 2w W2 Pyz Pyz Pz 2
and 7, * will be more efficient than 7, if
2 2 k
w +w A
1Pyz 2Py <2 (22)

wip?, + wip2, + 2W1waPyePyzprz 2

Thus, combining equation (21) and (22), we find that the estimator 7, *) will be
more efficient than 7,,, and ¥ if

2 w%pzm + U)%P?Jz + 2w1W2 Py Py Paz 2
2 2
The bounds on T +w§;§:1§3§5 o given in equation(23) are called the
efficiency bounds. By choosing values of the sampling fraction f(= ) and hence
A= 1— f), we have prepared and presented in the Appendix a Table which gives
WPy, FW2py.

the bound on —
w3

for which equation (23) will be satisfied, i.e.,

pim—"_wgpgz+2w1w2pympuzpmz

Twir ™ will be more efficient than 7,,, and 7.

Furthermore, with a view to finding the percentage gain in efficiency of %,
and Y, (k) with respect to 7 and Ywir When k is optimally determined, the following
formulae are considered:

V(y) - 1] 100, Gy = {

Gi=|—"—
' |:M(ywl7"

L@k — 1} %100 and Gs = [W — 1} % 100.
M(ywlr ( )) M(ywl'r ( ))

5. Numerical Illustration

For the purpose of numerical illustrations, we have considered 8 natural populations
from various sources as detailed in the following Table:
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Table 1. Population data sets

Population N n Pyz Py= w1 =1 —ws
I: Gujarati (1978)
Y: Telephone Ownership in Singapore. 22 6 0972 -0.850 2.271

X: Per capita GDP in Singapore.

II: Gujarati (1978)
Y: GDP deflator for domestic goods, 15 5 0989 -0.976 0.708
X: GDP deflator for imports

III: Gujarati (1978)
Y: Real gross product 15 5 0.88 -0.952 -0.756
X: Real capital income

IV: Gujarati (1978)

Y: Plant expenditures 22 6 0990 -0.891 1.182
X: Sales

V: Cochran (1977)

Y: Sizes of 49 large U.S. Cities in 1930 49 8 0981 -0.182 1.011

X: Sizes of 49 large U.S. Cities in 1930

VI: Maddala and Lahiri(2012)
Y: Imports 18 3 0984 -0.926 1.620
X: Consumption

VII: DNase (R Dataset)
Y: concentration of the protein, 176 23 0.931 -0.319 1.047
X: optical density

VIIIL: Swiss (R Dataset)
Y: Education 47 9 0.698 -0.428 1.221
X: Examination.

For assessing the performance of the proposed estimator over the competing
estimators, we have prepared the following Table:

Table 2. MSE of the competing estimators

Estimators Y Ywlr Yuwlr (k)
Population I 949.00 22.95 16.73
Population IT 15944.39 245.52 242.70
Population III 3167676 207861.70 195576.90
Population IV 338.32 4.59 4.31
Population V 1585.49 58.78 58.61
Population VI 43.27 0.48 0.38
Population VII 0.62 0.0820 0.08
Population VIII 8.31 4.17 4.12
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Table 3. Gain in efficiency of different estimators

Estimators G1 G2 G3

Population I 4034.39 5569.51 37.13
Population II 6393.88 6469.44 1.16
Population IIT 1423.93 1519.66 6.28
Population IV 7263.38 7748.52 6.58
Population V 2597.02 2604.77 0.28
Population VI 8863.93 11169.69 25.72
Population VII 658.97 666.31 0.97
Population VIII 99.23 101.35 1.06

The above Table gives the percentage gain in efficiency of the proposed estimator
with respect to its competing estimators, implying thereby that, there is substantial
gain in efficiency of the proposed estimator over its competing estimators.

6. Conclusion:

The proposed weighted linear regression estimator of order k introduced in this paper
is not only endowed with predictive character but also found to be more efficient than
the weighted linear regression estimator and the simple unweighted estimator under
conditions that hold good in practice quite often. Empirical study based on several
natural population datasets provides sufficient ground in support of the estimator
from the standpoint of its practical use in a suitable survey sampling situation.
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Appendix
2 2
Table 4. Efficiency bounds of w? piﬁwg,l,gji::f%;yz o for various values of f and
k.
k
f 1 2 5 10 15 20
0.05 (0.475,0.975) (0.451, 0.951) (0.387, 0.887) (0.299, 0.799) (0.232, 0.732) (0.179. 0.679)
0.10  (0.450, 0.950)  (0.405, 0.905) (0.295, 0.795) (0.174, 0.674) (0.103, 0.603) (0.061, 0.561)
0.15 (0.425, 0.925) (0.361, 0.861) (0.221, 0.721) (0.098, 0.598) (0.044, 0.544) (0.019, 0.519)
0.20  (0.400, 0.900) (0.320, 0.820) (0.164, 0.664) (0.054,0.554)  (0.017, 0.517) (0.005, 0.505)
0.25 (0.375.0.875) (0.281, 0.781) (0.118, 0.618) (0.028. 0.528) (0.006. 0.506) (0.001, 0.501)
0.30 (0.350, 0.850) (0.245, 0.745) (0.084, 0.584) (0.014, 0.514) (0.002, 0.502) (0.000, 0.500)
0.40  (0.300, 0.800) (0.180, 0.680) (0.039, 0.539) (0.003, 0.503) (0.000, 0.500) (0.000, 0.500)
0.50 (0.250, 0.750) (0.125, 0.625) (0.015, 0.515) (0.000, 0.500) (0.000, 0.500) (0.000, 0.500)
0.60 (0.200, 0.700) (0.080, 0.580) (0.005, 0.505) (0.000, 0.500) (0.000, 0.500)  (0.000, 0.500)
0.75 (0.125,0.625) (0.031, 0.531) (0.000, 0.500) (0.000, 0.500) (0.000, 0.500) (0.000, 0.500)

Table 4 is relevant in view of locating a suitable value of k for given values of
w12, Fwap?,
w%ﬂiz"’“’%ﬁiz+2w1w2pyzpyzpmz
be said that the knowledge of p,., py. and p,. are known in advance from a pilot
survey or from the past experience, if any, which will remain stable over a period of
time. The above table gives more than one values of k which results in better perfor-

mance of the proposed estimator over its competing estimators. The optimal value of

2 2
wlpym—"_w?pyz
P2, w3 p2 +2W1 W2 Pye Py= Pz < 1. Even

if the exact optimal value of k is not available, a satisfactory value of k that offers the
superiority of our proposed estimator might still be found as exhibited by Table 4.

and f. As regards knowledge of the pivotal quantity, it can

k which is given in equation (19), provided that

3
wy
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